God’s Model vs. Market Models

Athorough reading of
Bergomi sheds new per-
spectives on rough volatility
inrelation to the meaning of
the options market.

ccording to a recent declaration by
Gatheral, God’s model is finally in
our reach.! The ultimate explanation
of option prices is about to reveal
itself. There is one model, the rough
volatility model, which finally brings together all
the pieces: market microstructure, the time series
of the underlying price volatility and the surface
of vanilla options prices. First, market micro-
structure is described by a tick-by-tick model in
the framework of the Hawkes process. Then some
assumptions are made, which seem very reason-
able in the modern setting of high-frequency
trading: endogeneity of the market, absence of
statistical arbitrage, asymmetry in the liquidity on
the bid and ask sides of the order book, presence
of meta-orders due to algorithmic trading which
splits trades in time. Following Omar El Euch,
these assumptions lead (asymptotically) to a rough
volatility model of the log price. Empirical studies
of the time series of price volatility confirm, on the
other hand, its rough behavior. Finally, to crown it
all, prices of vanilla options on equity indices are
found to be amazingly well explained by a rough
volatility model for the underlying process. In
the words of El Euch: “It is really true that rough
volatility models are amazingly consistent with
both historical and implied volatility data.”2 This
is meant to resonate with a statement first made
by Gatheral: “For perhaps the first time, we have a
simple consistent model of historical and implied
volatility”3 Both in the historical measure and the
risk-neutral measure, the rough volatility model
seems to be the unique, simple, and true model.
Hence the name, ‘God’s model’
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Notice that the deduction of the rough vola-
tility model (or the proof of the existence of God)
starts with the underlying process then concerns
itself exclusively with it. The theoretical part of the
proof is the mathematical derivation of the rough
volatility model from the starting point of a tick-
by-tick process of the underlying price. As for the
two empirical confirmations, they also hinge on
the underlying process, the first by looking at its
historical volatility, and the second by calibrating
its parameters from the implied volatility surface.
This is in total opposition with the following
inaugural statement by Bergomi: “The mistake -
done in master’s degrees in quant finance - is to
start from the assumption of a stochastic process
for the underlying, a thing we’re not even sure
exists”4

Since the rough volatility model, or God’s
model, is essentially a model of the underlying
process, Bergomi’s declaration amounts to say-
ing that we're not sure God exists. As a matter of
fact, the only thing that should exist, according to
Bergomi, are market models. Those he defines in
the very opening section of his book (section 1.1
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— ‘Characterizing a usable model’) as models that
are usable in the market, where the market is in
turn pragmatically defined as a situation where the
only thing that counts is controlling the profit and
loss (P&L) of the hedged position (or the portfolio
composed of the derivative instrument of interest
and the traded instruments that were selected for
hedging), regardless of what goes underneath or
what’s truly underlying from God’s point of view.
Pragmatics against metaphysics. “A pricing equa-
tion is essentially an analytical accounting device,”
according to Bergomi. Derivative practitioners are
“content with barely floating safely and making as
few assumptions as possible about future market
conditions.”> This means that they do not look
below the surface or care about the underlying
process or its stochastic structure, and even less

so about what this structure may imply for the
future and therefore impose on it. Their account-
ing equation has as equal entries the market price
of the derivative instrument they are dynamically
hedging and the market prices of all the hedging
instruments, and the underlying asset is merely
one among them.
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When the underlying asset is the only hedg-
ing instrument, this doesn’t really distinguish it
either. Bergomi derives the Black-Scholes-Merton
(BSM) equation without assuming that the under-
lying price follows any stochastic process, or in
other words without looking beneath the surface.
Remember that we're not even sure such a thing
exists. This may sound surprising when BSM is
usually understood as a consequence of stochastic
calculus and of the Ito differential of the hedged
position, in which the term of second order in dS
is precisely identified with 02dt - an intermediary
result one can hardly count on without the assump-
tion of a stochastic process and the corresponding
Ito calculus. Precisely, Bergomi inverts the arrow
of causality. The consequence of the mistake done
in master’s degrees is that students are at a loss for
ideas when the underlying process is mistakenly
thought by them to be the cause of everything
and when they realize it is no longer Brownian
motion. They worry: “What if my underlier is not
lognormal? What if it’s not a diffusive process with
constant parameters? Do I throw BSM away?”6
Bergomi’s whole endeavor is to block these kinds
of questions. He shows they should use the BSM
equation regardless of the BSM model, where the
model is precisely the assumption of a stochastic
process of this nature. When he says the under-
lying process doesn't exist, he is not concerned
with the metaphysical debate about the existence
of objective probability or of a random generator,
or about the availability in reality of the condi-
tions that define a stochastic process according to
Kolmogorov. The empirical time series of prices of
the underlying asset certainly exists, and recently
some fine estimations of instantaneous volatility
have made it sound as if the empirical times series
of the asset volatility also exists. Certainly, any
quantitative researcher is welcome to try to fit these
time series with a rough volatility model, and in
doing so, he certainly (and rightly) can claim that
the underlying process exists. So Bergomi cannot
mean inexistence in that sense. I interpret him as
saying that the underlying process should no lon-
ger exist in the question of the student of derivative
pricing. Derivative pricing - and especially the
market models thereof — occur, as we shall see, in a
register where the underlying process is no longer
the question, and in this sense, no longer exists. It
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no longer exists because of the derivative price, not
the underlying price. So, what I find questionable
in Gatheral’s God’s argument is not so much the
analysis of market microstructure of the underlying
asset or of the time series of the instantaneous vol-
atility of its market price, but the relation of all this
with the prices of options written on it. The options
market should always be the revolution and even
the heresy, according to me, or the very thing wor-
thy of philosophical interest in finance, and never
be identified with a sacred and final scripture.

Post-BSM world

The paradigmatic derivation of BSM took place
before the existence of an options market, and

so the underlying process was all that existed.
Bergomi, by contrast, speaks from a post-BSM
world, and by that we mean that options markets
already exist in that world and have even matured
(probably encouraged by the very usage of BSM).
As a matter of fact, the crucial supposition in all of
Bergomi’s approach and in all of the market mod-
els is that options markets are the given. Of course,

one can independently argue that options markets
also existed historically before the advent of the
BSM formula (Bachelier, Thorpe, etc.), and there
is a nice sociological account by MacKenzie to the
effect that the formula has altered the behavior

of the existing market-makers and in this way has
shaped its world.” What we mean by saying that
the BSM paradigmatic derivation (as opposed to
Bergomi’s derivation of the BSM equation) took
place ‘before’ the existence of an options market
is that the options market is not an assumption

of that derivation, contrary to Bergomi’s and the

market models. The only driver in the paradigmat-
ic BSM is the underlying stochastic process - for
instance, in the rigorization later established by
Harrison and Pliska, only the stock and the riskless
bond are considered to be exchanged — and what
BSM achieve is the derivation of an arbitrage-free
valuation of options and not their pricing (in the
sense of the establishment and, later, the total
eruption of an options market).

As a matter of fact, Harrison and Pliska
explicitly call ‘verbiage’ any reference to a parallel
options market and to options prices which one
would compare with the arbitrage-free values. The
options market cannot even be a consequence of
BSM, since all that the investors who follow the
dynamic replication strategy can achieve is, in the
words of Harrison and Pliska, “to manufacture
call options for themselves.”s People think (if we
may digress a little) that BSM cannot produce an
options market because options are redundant in
BSM. But the reality is even worse. Options simply
do not exist in the BSM framework, neither as an
assumption, nor as a consequence. They are not

even written or named, so that we may call them
redundant. The formalism does not know how

to make or produce a market other than the one
that is formally postulated at the beginning. To
make and to produce are material processes that
are foreign to the nature of the formalism. Market-
makers armed with the BSM model have produced
the options market thanks to the technology of the
trading pits and to their material existence as trad-
ers in those pits. The technology is precisely the
material process that exceeds the formal model. So
strictly speaking the trader is part of the technology.
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The existence of implied volatility smiles (or the
net result of options traders using BSM) is to be
explained by a technology rather than a theory,
and that’s why Bergomi’s book, whose agenda is
essentially the modeling of stochastic implied vol-
atility and not of stochastic instantaneous assets’
volatility, is, to our mind, a book of technology
rather than a book of theory.

Following the ‘formy’ of the formalism, anything
that trades is supposed to admit of the correspond-
ing price process from the start. You don’t make
it; it can only be given. Thus, the stock and the
bond, in the BSM formalism. For options to admit

a market in such a framework, they need first to
be identified as exchangeable assets and to have a
stochastic process written for their prices from the
start, independently of the underlying asset and (of
course) eventually correlated with it, a matter that
is of course beyond BSM, and would even be ironic
in BSM. This is exactly what Bergomi does, when
he moves beyond BSM and systematically starts by
giving the stochastic processes for the price of the
underlying asset as well as of the hedging instru-
ments (i.e., the vanilla options or later the forward
variance contracts). This is precisely the charac-
teristic of the market models. But let us end the
digression and go back to the paradigmatic BSM.
The paradigmatic derivation of BSM starts
with the underlying process and ignores the
existence of an options market. It doesn’t know
what it means to trade options. What it is trying
to achieve is to compute the initial premium such
that, by trading subsequently the riskless bond and
the stock in a dynamic and self-financing way, a
certain contingent payoff is perfectly synthesized
ata certain maturity. This is a result that has only
to do with the underlying asset and its market.
You can give me money that you draw from your
bank in exchange for the stock I hold, and this is
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how we exchange the stock in the stock market

at the spot price. But you can also give me money
and let me hold it and manage it alone for a while,
by engaging, on my side, in a trading strategy in
which I dynamically deposit and draw money
from my private bank, and dynamically buy and
sell fractions of the underlying stock from and to
other people in the market, in order that I hand
you the stock at a later (predetermined) date and
not on the spot, and at a (predetermined) price
that is possibly different from the spot price. But
this doesn’t mean that the two differences we've
just marked with the spot price (the time differ-

ence, due to the delayed delivery, and the space
difference, due to the delivery at a different price
or strike price) have been marked and written as

a contract and that we have exchanged that con-
tract. For we have certainly not discussed, at this
primitive stage of the formalism, any legal issue,
for instance the possibility of default on my part,
and even less so considered that you might inde-
pendently engage in exchanging that contract with
other parties.

Alternatively, one can take a step outside of
the trading pit and look at the stock market from
outside, as a mere generator of random prices
on which one wishes to evaluate lotteries, whose
payoff may be quite complex for that matter. In
this case, the lotteries are indeed well identified;
however, we're no longer inside a market. The only
constraint for the bookmaker, in that case, is that
he may not be vulnerable to a Dutch book argu-
ment, or that the odds he offers be coherent. He
must be invulnerable to instant arbitrage. When it
is later observed that at least one lottery (the one
yielding the future price of the stock as outcome)
is already evaluated by the stock market and that
its present value is equal to the current stock price
(and I insist on saying it is evaluated and not that

it is being priced, because we are now situated out-
side the market), and when it is later required that
the bookmaker be also invulnerable to statistical
arbitrage, the constraint of no arbitrage results in
the risk-neutral valuation of the rest of lotteries
aka derivatives, in the equivalent measure, under
the underlying stochastic process. In any case,
whether we are looking at dynamic replication of
contingent payoffs in BSM or at risk-neutral pric-
ing which generalizes the valuation of derivative
lotteries to more general underlying processes,
the initial premium or the arbitrage-free value of
the derivative is supposed to exist as soon as the
underlying process exists, and all we are trying to do
is find it (or select it within a family of equivalent
martingale measures when the underlying process
is incomplete and there are several such measures).
Thus, BSM may assume that option value will
be of the form V(§, 1), before finding what this form
might be and what the formula might be exactly
(they will derive it); however, their main implicit
assumption is that this value is gotten by applica-
tion of the non-arbitrage principle. This is why
they are able to equate the differential value of the
arbitrage (or hedge) portfolio with riskless growth
under the interest rate. And how did they manage
to form a riskless hedge portfolio? By application
of Ito’s lemma which equates the second-order
term in dS with o2dt, where o is the real volatility
of the underlying process. Hence the required
assumption of a process, and even better, the
assumption that this process is known and its vola-
tility is known. Arbitrage theory and arbitrage-free
valuation in finance in any case rely on underlying
states of the world, hence on the assumption of
an underlying process (that’s why we said that the
arbitrage-free value of the derivative exists as soon
as the underlying process exists). You may not
need the BSM argument of dynamic replication
of the option to price it without arbitrage, and a
famous paper was written once against BSM and
the exactness of replication, simply by applying
put—call parity to formulas derived from actuarial
pricing.® However, actuarial pricing is based on the
real probability, hence on the assumption of a real
underlying process. And if, on the other hand, you
tried to argue that a formal probability measure is
all you need in order to produce derivative prices
that are arbitrage-free, and that this measure need
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not relate in any way to the real historical probabil-
ity or to a real and existing underlying process (i.e.,
you could, for instance, price options using BSM
with some fixed volatility number, regardless of
whether the real underlying process has stochastic
volatility or jumps), you would be wrong, for arbi-
trage requires that your pricing operator, or formal
probability measure, or risk-neutral probability, be
equivalent to the real probability (i.e., agree with
it on all events of measure zero); hence it cannot,
on pain of statistical arbitrage, feature a constant
formal volatility number when real volatility is sto-
chastic. In a word, risk-neural probability pricing,
or pricing by arbitrage, cannot dispense with the
assumption of the underlying process, and with
the assumption that this underlying process is
known to the writer’s mind.

Be that as it may, what Bergomi calls
‘post-modern finance, or ‘grown-up finance;
can very well dispense with arbitrage and arbi-
trage-free valuation altogether!1 Thus he can
speak of using the BSM pricing formula and even
derive it while not assuming the BSM model
(i.e., the lognormal process of the underlying
stock price). What he does, instead, is weaken
this assumption and content himself with con-
trolling the P&L of the hedged position, a task
that is essentially ex-post (hence the inversion
of the arrow). This may sound clever and very
economical, but we must be aware that what
Bergomi is doing here is nothing less than dis-
pensing with the principle of non-arbitrage
altogether and throwing overboard the whole
of theoretical finance.!! BSM assume V(S,t)
is of a certain form and that it is derived by a
non-arbitrage argument, and they manage to
derive it and show what form it has by applying
non-arbitrage precisely at the crucial moment, as
they have announced. This, we said, necessarily
implies the existence of an underlying process.
Any risk-neutral valuation, even not restricted
to the BSM framework, requires the assumption
of an underlying process of some kind. When
the underlying process is lognormal (in the
real probability), there is only one risk-neutral
equivalent pricing measure. If not assuming the
existence of a stochastic process, a minimum
assumption for Bergomi, though, seems to be
that the underlying price changes are not too
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wild (i.e., no large jumps are assumed) or, in his
words, that “the model prices risks associated
with small moves,’12 for only then could he stop
the Ito expansion of his pricing function P(S,t) at
second-order derivatives. Note that BSM do just
that, formally. However, contrary to Bergomi,
they believe in the existence of an underlying
process, and even better, in the full disclosure of
the existence and of the nature of that process
to whoever’s mind is writing their paper — what
we may call the paper’s mind, or the paper’s con-
sciousness. Why? Because they prepare to apply
the non-arbitrage principle.

BSM make V(S,t) stand before they show
what it is; they say it is the arbitrage-free value
of the derivative, then their derivation allows
them to see what form it has. Where, by contrast,
does Bergomi’s pricing function P(S,t) stand,

before he shows what form it has exactly? If not

an arbitrage-free value of the derivative, what is

it? Precisely, it is symbolized by P, not V. It is not
avalue; it is a price. There is no principle of val-
uation in post-modern finance except given by
the market. There are no options values but only
options prices affected by supply and demand.
BSM did not have an options market as hypothesis
or ground. They were literally building option
valuation from scratch. By contrast, the implicit
assumption in Bergomi, as in all market models, is
that options prices are given by the market to begin
with. This may sound trivial, but again this is what
grown-up finance is all about. We can dispense
with the assumption of a stochastic process for the
underlying, or with the idea of valuing derivatives
by arbitrage, simply because we assume their prices
are already given and known. Who are we, indeed,
to discuss valuation and arbitrage in the presence
of the market, after the market has ruled and pro-
posed its prices?

The conceptual difficulty of
market models

Let us note, though, that in the first chapter of his
book (p. 2) Bergomi speaks of the ‘bank quants’
who handed us P(S,t), and not of the market. It is
only later, in stochastic volatility models where
vanilla options or forward variance contracts
become hedging instruments in their own right,
that their prices will be (precisely) given by the
market, that the market model will always be
initialized with their implied volatility surface or
implied forward variance curve, and (if we may
anticipate our conclusion alittle) that the price of
the exotic option, delivered by the market model
and by the pricing function Bergomi will associate
with it, will be supposed to be the price always
already given by the market for that exotic option.
However, in the first chapter, when considering the

underlying asset price alone as market given, there
is no option market yet, as Bergomi very rightly
reminds us (p. 5). We are not very far from the
inaugural BSM situation, and the purpose is to say
of what form the pricing function the quants have
coded might be. The only distance that Bergomi
takes with BSM at this point, and the only differ-
ence in the reasoning, reside in the inversion of
the arrows. There is no underlying process or a
priori principle of valuation, so there is no way we
could prescribe a priori the value of the option,
and the only alternative is to see a posteriori what
reasonable price the bank could have quoted for
the option, using the quants pricing function, and
could continue to quote over time without going out
of business and leaving the market. This will be
achieved a posteriori by controlling the P&L.

The P&L is composed of increments of the
option price due to variations of the two state
variables S and t underlying the pricing function
P(S,t), as well as increments due to variations
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of the price of the stock itself we are holding as
hedge, as well as the cost of financing this holding.
Precisely, the amount A of stock we are holding
cancels first-order variations of the option pricing
function, so there remains second-order terms
dS2. As no underlying diffusion process is given

a priori, the latter cannot be equated with deter-
ministic 02dt, and therefore Bergomi is left with
the stochastic term. The P&L is stochastic; it is not
guaranteed to be (almost surely) equal to zero as in
BSM. The price P(S,t) was not constructed out of
perfect replication. However, the crucial observa-
tion, what Bergomi describes as a “further reason-
able requirement,” is that the squares of incremen-
tal returns (daily in Bergomi’s example) average
out over time to their realized variance (p. 4). The
hope, at the end of the holding period, is to recog-
nize the lognormal historical volatility of the price
of the stock S. No a priori assumption requires S to
follow a given process. All we know is that it is ran-

dom, and we can statistically compute its historical
volatility. The need to resort to this temporary

fix, as Bergomi expressly reminds us, is caused by
the absence of an options market. He writes: “In
the absence of a volatility market for S, 6 should
be chosen as our best estimate of future realized
volatility” (p. 5). It may sound circular to allude

to an options market when we are in the process
of deriving the BSM pricing function supposed to
yield the option price, but this attitude is revealing
of the market models whose main assumption,

we said, is that an options market already exists.
In this regard, BSM is in a kind of twilight zone.
Bergomi writes the differential of the BSM pricing

38

function handed over by the mysterious quants,
while supposing that the two successive option
prices whose difference is expressed by the dif-
ferential are market prices already. His purpose

is to show us that BSM is an accounting equation,
not a theoretical model relying on an underlying
process, however he cannot escape the minimum
assumption of a historical volatility ‘somehow’
relating to an underlying process (we will discuss
later the extent of this ‘somehow’). It is indeed
difficult for a market model, whose assumption is
that an options market exists, to be in a position
where its assumption must be its consequence.
That’s why it remains undecided, in Bergomi’s
account, whether BSM is a market model. In one
instance he claims that “the Black-Scholes model
is typical of the market models considered in this
book” (p. 5) and, in a later instance, that “the local
volatility model is the simplest market model” (p.
72), a statement which seems to entail that BSM,

which is simpler than the local volatility model, is
not really a market model.

To clear the ambiguity, we prefer to stick with
the definition of market models as models that
do not rely on an underlying stochastic structure
but on the existing options markets instead (hence
the unease and unsettlement in the case of BSM),
keeping crucially in mind that what is typical of
those models is the ex-post accounting equation
(ex-post, precisely because of the absence of
structure and the corresponding a priori stance)
that will be formed with the derivative (exotic)
instrument we are trying to price and all the hedg-
ing instruments. Precisely, the market prices of

the latter are required in order to exempt us from
relying on estimates of volatility (such as &, in the
BSM case) or any other statistical parameter which
directly or indirectly relates to an underlying
process. The astute reader will certainly protest
that this only pushes the problem one level up. For
the multidimensional P&L decomposition which
we will, then, be able to write for the position
composed of the exotic option and the hedging
instruments will in turn require an assumption of
a break-even covariance matrix of some kind, and
the latter will in turn directly or indirectly relate
to an underlying process ruling the prices of the
hedging instruments. As a matter of fact, Bergomi
reiterates the complaint about the absence of a vol-
atility market for the instruments that we are pres-
ently considering as vega-hedging instruments
(the vanilla options or equivalently the forward
variance contracts), or in other words, a volatility
market for the volatility instruments of first level.
He writes: “If there existed a market of options on
T with maturities ranging from ¢ to T, the volatili-
ty risk of £T could be hedged away and the volatility
of {Twould be derived from market implied vola-
tilities” Failing this feat, Bergomi confesses he has
“no choice but to carry a position on the realized
volatility of {Tand thus will need to make assump-
tions” (p. 220). This is equivalent to the situation,
in the inaugural BSM derivation, where, in the
absence of an options market, the assumption was
made that realized volatility would be measured
somehow and supposed to be the constant 6.
Allow me to digress a little, once again. Are we
saying that those assumptions Bergomi needs to
make are assumptions of a stochastic structure of
some kind (this is, crucially, where he introduces
the famous exponential kernels which will charac-
terize his model and get associated with his name,
and later cause the criticism of the rough volatility
supporters)? Not exactly. The existence of a break-
even volatility ¢ in BSM did not mean the existence
of a priori structure, but only the quite defensible
belief that the square of returns of the underlying
asset will average out at the end of the day to a con-
stant number 6. The situation with multiple hedg-
ing instruments is no different. The break-even
volatility is replaced by a break-even covariance
matrix C;;. In the first paragraph in which he con-
siders multiple hedging instruments (p. 5), it may
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even seem that the break-even covariance matrix
he considers is constant. In a later paper, Bergomi
says: “Ideally we would like to be able to set these
break-even levels at will”13 The reason why C;; may
seem constant is that, in this preliminary discus-
sion of multiple hedging instruments, the underly-
ing assets in question are still implicitly supposed
to be basic assets and not derivatives. As a matter
of fact, Bergomi still designates them by S, seem-
ing only to generalize BSM and the case of a single
underlying asset. However, when the hedging
instruments become vega-hedging instruments
proper, after a crucial proto-reasoning that I will
discuss later (i.e., vanilla options or forward vari-
ance contracts which can only be derivative on the
basic underlying asset whose volatility risk they
are hedging us against), the notation differs and
the break-even variances and covariances are no
longer constant and become explicit functions of
the state variables S and &, v(t,u,1,S,£) (p. 218).
Even though the defining characteristic of the
market models is that the vega-hedging instru-
ments, as derivative as they may be in reality, must
be considered as independent assets,!4 when it
comes to expressing the covariance matrix of their
implied volatilities (i.e., of their market prices), one
cannot just assume that they are independent assets
in the sense of the S; above and therefore admit of
a constant covariance matrix. The way an implied
volatility surface, or a forward variance curve,
moves (i.e., the covariance matrix of the constituent
implied volatilities of the European options or of
the forward variance contracts) has to depend on
the ‘volatility state’ and may not be constant (i.e.,
Bergomi cannot talk for them of squares of returns
that average out to constant numbers at the end of
the day, and can now only consider local averages),
where ‘volatility state’ refers to the volatility state
variable(s) that we would be considering, if we
were working in the traditional framework where
a stochastic volatility process is assumed for the
underlying, possibly with multiple dimensions, but
which we are not considering, precisely because we
are working with a market model in which implied
volatilities are modeled directly and no assump-
tion of an underlying process is made, thus leaving
us no choice but to make the covariance matrix a
function of the implied volatilities £ themselves.
And why does the motion of the implied volatility
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surface or of the forward variance curve depend on
the covert ‘volatility state’? Because the correspond-
ing instruments are covertly derivative, hence their

prices depend on a covert and unsayable stochastic

structure.

Precisely, the whole conceptual difficulty of
the market models lies in their desire (more than
adesire, an agenda) to model the market prices
of the vega-hedging instruments directly (i.e., as
given by the market), without any suggestion that
those prices, or equivalently the implied volatilities
of vanilla options or of forward variance contracts
or variance swaps, might be outputs of a model of
the instantaneous volatility of the underlying asset,
because this would amount to getting values and
not prices. For this reason, Bergomi considers and

ultimately rejects the Heston model. He describes
itas an “elementary attempt at designing a model
such that implied volatilities are not frozen any-
more and have their own dynamics” (p. 217), but
he immediately recognizes its main caveat, which
is that this can only be “done by specifying an SDE
for the instantaneous variance, a non-physical
object” The dynamics of implied volatilities are
indeed ‘extracted’ (as Bergomi says) in this case
(i.e., derived from the SDE). They are not given
by the market, and as a consequence, Heston is
not a market model. By contrast, when he finally
introduces the forward variance models in chapter
7, Bergomi declares: “In this chapter we model
implied volatilities directly” This means they are
the primitive state variables. The difficulty, as we
have noted above, is that it then becomes unsay-
able, or taboo, to recognize that those implied vol-
atilities will have to have their covariance matrix
constrained in a way that is covertly consistent
with their derivative nature (and will no longer be
able to be constant, for instance, or at least to be
‘chosen’ as Bergomi may have wished).

Modeling implied volatilities
directly

In the traditional approach in which, as opposed to
the market models approach, a stochastic structure
is given first (i.e., the instantaneous volatility of the
underlying asset is modeled first, as with Heston
above and indeed the rough volatility model), it

is only a formal choice, and it is not fundamental,
whether we represent the instantaneous volatility
of the underlying asset directly, and write for it

a stochastic process, or whether we represent it
through a stochastic process that we write for the
implied volatility of a certain derivative on that
asset, typically an at-the-money option or a vari-
ance swap. For this implied volatility is just another
way of naming the theoretical value of this deriva-

tive, which is and always will be computed from the
underlying stochastic process, and is not its market
price. Changing variables, from instantaneous vol-
atility of the underlying asset to implied volatility
of the option written on it, may be cumbersome;
however, fundamentally, the model and the doc-
trine underlying it remain unchanged. People
who have read Bergomi and adopted or adapted
his model, but who have completely overlooked
the radical philosophy and fundamental agenda
of the market models, think that all that Bergomi
has achieved is model forward variance (asa
matter of fact, the whole curve thereof) instead of
writing a model for instantaneous volatility. Thus
Gatheral, Guyon. Precisely, the mapping may be
less cumbersome with forward variance contracts
than with vanilla options; however, what Bergomi
tries to model are the implied volatilities of for-
ward variance contracts directly, as given by the
market (i.e., what we would get by inverting the
BSM formula against their market prices). This

is shown to be computed as a combination of the
implied volatilities of vanillas (p. 141). To write
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a stochastic process for implied volatilities in the
traditional approach does not mean we are mod-
eling the volatility market. You may ask: Why not?
Why can’t we write a stochastic process for options
prices the same way we do for the underlying price,
and call it a model of the options market, the same
way we called the latter a model of the underlying
market? This is because we are compelled, in the
traditional approach, immediately to infer the sto-
chastic process of the underlying asset which those
options price processes imply.15 Indeed, this is the
only way, first to ensure that the options prices are
arbitrage-free, and second to compute the price of
exotic options. In other words, a process of instan-
taneous volatility of the underlying asset is always
implicitly assumed, in the traditional approach. It

alone explains the variability of options values for
a fixed underlying price, so we may as well start
with it, as we do usually, because causality always
flows in this direction. And it surely wouldn’t cross
the mind of anybody that the options which are
trading in the market by the sheer forces of supply
and demand would inversely explain or cause the
process of stochastic volatility of the underlying
asset, in such a way that the process of prices of the
former would be modeled before the latter (i.e.,
modeled directly, or first). Options values do not
vary, in the traditional approach, because options
trade freely, but because the instantaneous volatil-
ity of the underlying asset varies. To repeat, there
are no options prices or options markets in the tra-
ditional approach, but only options values.

In Bergomi, by contrast, there is no underlying
stochastic process and no arbitrage principle (or
they are unsayable). The implied volatilities, or
options market prices we are modeling directly,
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may have nothing to do, from beginning to end,
with the volatility of the underlying. Or if they do,
it remains a secret deeply buried under the surface
of the market, and the market will have always
solved for us the problem (it screens the problem
off). To repeat, Bergomi does not necessarily think
that the underlying process doesn't exist in itself;
he only doesn’t wish it to underlie derivative pric-
ing and to confuse the student thereof. So, it may
very well be the case that the underlying process
exists and the instantaneous volatility of the asset
is modeled, even by Bergomi himself, on a separate
page, yet the BSM implied volatilities of the instru-
ments that he is considering as hedging instru-
ments and modeling directly, on this page, result
from the forces of the independent options market

and are unrelated to the instantaneous volatility.
This is because no non-arbitrage constraints exist.
The pricing function of the exotic option admits
the prices of the hedging instruments as argu-
ments, and the only doctrine or ground for faith is
that it will continue to do so and to be the pricing
function with those arguments, by dint of some-
thing Bergomi calls a trading decision (p. 16). It
doesn’t draw its validity from an existing stochastic
structure, which might be implicit but would exist
nonetheless and under which alone we would
ultimately be computing the value of the exotic
option. For one thing, a market price cannot be a
value, or a result of computation. For another, the
existing stochastic structure, as its very name indi-
cates, can only belong in the past. By contrast, our
pricing function draws its validity from the future,
as the act of faith, here, is that it will continue to be
the market price of the exotic option. The market
pricing engine will always have preceded any pric-

ing engine. For all we know, the hedging instru-
ments underlying the market pricing function may
even have nothing to do with the underlying asset,
except being correlated with it (i.e., they are not
derivative on it). They underlie the pricing func-
tion because they will continue to underlie it.

We will return later to this crucial point. Suffice
it to say, for the moment, that we would indeed be
very disappointed if all that Bergomi was meaning
to say, with his market models and the inversion
of the arrows of causality and the fact of modeling
the implied volatilities directly, was only a remap-
ping and a rewording of the traditional valuation
approach where the instantaneous volatility of
the underlying asset is modeled as the first cause.
But to end the digression and to go back to our
question: “Does Bergomi have no choice but to
rely on an underlying structure, when he realizes
that there is (yet) no market for the volatility of
volatility, and therefore has to make some assump-
tions about the realized volatility of the forward
variance curve?” The answer is that he will make
that temporary assumption but will, in essence, be
constantly looking for the missing volatility mar-
ket. He will constantly be looking forward. The
vocation of the market models, if we may state it
again, is always to rely on the market of options,
and of options written on the options (options on
VIX or variance, which Bergomi recognizes are
still missing for the moment), and never to recog-
nize a fundamental stochastic structure, although
the practical solution, at any given stage, may have
to assume a certain structure. Perhaps the ultimate
pricing function P(S,¢,t), which is none other than
the market’s, is not representable or even writable
and all we can do is represent it provisionally by
projecting it on the valuation plane (think of the
representation of a fractal curve which is always
provisional). Perhaps the pricing function is a
very peculiar function in the sense that it should
precisely never admit of values as output (in math-
ematics, we usually say that ‘a function is valued’),
but always prices. On that, more later.

This fundamental philosophical position
of market models (never recognizing ultimate
structure although always assuming temporary
structure) is again afforded by the reliance on the
accounting equation and its ex-post character, as
opposed to the a priori character of the structure.
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Crucially, the paragraph in Bergomi’s book that
we are discussing is the one in which he offers his
famous temporary structure, which will come to
be known and celebrated as the Bergomi model
(with the famous exponential kernels that will
bring about all the criticism from Gatheral). It is
also true that this particular temporary structure
(the N-factor Bergomi model) allows him eventu-
ally to infer the underlying stock price process, and
eventually to write a partial differential equation
(PDE) with the stock price S and the N Ornstein-
Uhlenbeck variables X' as state variables; a PDE
that will enable him to evaluate everything (i.e.,
the exotic option as well as the full vanilla surface
and the full forward variance curve, or the very
instruments which we were not supposed to eval-
uate in a model but always admit as market giv-
ens). However, as we will explain below, these two
structures (the stock price process and the PDE
with the N volatility processes) are only interpre-
tations or computational artifacts. They enable us
to interpret the market price of the exotic option

as a value output by a PDE that depends on S and
X'. However, what the market price of the exotic
option is and will always be, in reality, is a function
(the pricing function) of the market prices of the
hedging instruments, and what the market prices
of the latter are and will always be, in reality, are the
prices given by the market, and by no model.

So how, in the absence of stochastic structure,
is any structure of the market models always tem-
porary, and how is this related to the fundamental
characteristic of the market models, which is the
inversion of the arrow of causality and the replace-
ment of ex-ante valuation or stochastic control (or
the very image of depth) with an ex-post account-
ing equation (or floating on the surface)? And
what to make of the consequence, which is that the
stochastic structure and the whole of probability
will turn out to be nothing more than interpre-
tations? This will take us to a book by Shafer and
Vovk, which Bergomi may not be aware of, and
where it seems to us that the suggestion was made
for the first time to relinquish the stochastic struc-
ture and to speak of prices in a game with Reality
instead. Shafer and Vovk typically derive the BSM
equation by relying on ex-post accounting rather
than probabilistic a priori structure, following
exactly the same lines as Bergomi.l¢ We will review

WILMOTT magazine

this overturning of the financial paradigm by
Shafer and Vovk before we return to Bergomi’s
very closely related problem and to the two novel
concepts that we read, in his book, as the ones
potentially overturning derivative pricing, the
trading decision and the pricing function.

Shafer and Vovk

Key in Shafer and VovK’s account is an inversion
of the arrows very similar to Bergomi’s. Recall

that Bergomi denied the existence of a stochastic
process for the underlying price S (or at least was
agnostic towards such existence), and equivalently
the existence of a stochastic process for the over-
lying price P (i.e., the derivative’s price, which will
demonstrably be a function P(S, t) of the underly-
ing price and time, hence the reason I say ‘equiva-
lently’), but that didn’t stop him, in his derivation
of the BSM equation, from assuming two different
prices, both of the underlying asset and of the
derivative at two different instants. These prices
were given by the market and therefore considered
to be ex-post (i.e., empirical observations, given

without a means to see how they were given - i.e.,
without a generator). If we assume that the prices
Sand P of the underlying asset and the derivative
are given at any time, yet we assume there doesn’t
exist any stochastic process, what is it exactly, then,
that we are not assuming? What is there, in the
stochastic process, over and above the empirical
time series of prices? The answer is the stochastic
structure, and with that we mean all the other pos-
sible prices. We wish the market to give us, at any
time, the stock price S and the price P of a certain
payoff, or a certain derivative, but we don’t neces-
sarily impose on the market to give us, at any time,

the prices of all imaginable payoffs, the state-de-
pendent as well as the path-dependent ones, for
that would be equivalent to giving the (risk-neu-
tral) probability of all the imaginable paths, and
consequently all the conditional probabilities (i.e.,
to giving the full stochastic process).17 Bergomi
engages in a game with the market, where ‘game’
is supposed to mean that the market may be friv-
olous and hiding its intentions, and does not nec-
essarily have to reveal its full internal mechanism
or structure or how it came up with its moves, a
game in which, at each step, the market announc-
es the market prices of the hedging instruments
and Bergomi announces his trading decision and
the pricing function P of the exotic option, in
response. The word ‘game’ is here to emphasize the
pragmatical aspect of the process: all that counts
are the results of the game, what goes on above the
surface of the table and not underneath. The game
has a specific (and quite economical) goal, which
allows us to abstract and dispense with anything
surrounding the game, what typically Shafer and
Vovk call “extrinsic stochastic modeling”18 The

only result Bergomi is pursuing in the game is to
control the P&L, or at least to be in a position to
control it (i.e., to prevent it from growing uncon-
trollably positive or negative, p. 4). This is in line
with Shafer and Vovk, who essentially speak of
games and are interested in the fortune the player
accumulates at the end of the game and not in
the stochastic structure that may have driven the
device the player is facing (the roulette wheel, the
weather system, the financial market) to present
him with the odds at which sequentially to place
bets. They, too, consider the ex-post accounting
equation and do not care about the probabilistic
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model and its ex-ante stance. They, too, transform
the theorems of probability and stochastic control
into statements about break-even and the impos-
sibility of becoming infinitely rich. They write:
“Probability becomes game-theoretic as soon as
we treat the expected values in a probability model
as prices in a game. Many of probability’s theorems
turn out to be theorems about the existence of
winning strategies for the player who is betting on
what the world or market will do”1?

Although Shafer and Vovk speak of proba-
bility models in general and not specifically of
financial models, the word ‘price’ in their lexicon

is meant to emphasize something practical and
material (i.e., the game), as opposed to some-
thing contemplative, such as an expected value or
equivalently a probability. ‘Price’ is here to sug-
gest something that implies an actual unfolding,
whose material and ex-post results we will only
be accounting for, and not something frozen in
anticipation and in the contemplation of struc-
ture. This, to our eyes, is what illuminates the
opposition between price and value in Bergomi,
and his talk of a usable (market) model as opposed
to amodel in charge of predicting the behavior

of the market. Crucially, Shafer and Vovk write:
“Defining a probability measure on a sample
space means recommending a definite price for
each uncertain payoff that can be defined on the
sample space, a price at which one might buy or
sell the payoff. Our framework requires much less
than this. We may be given only a few prices.”20
This amounts to dispensing with the underlying
process and with the existence of a pricing kernel,
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or a price for every path, or once again, with the
principle of non-arbitrage. Prices are just entry
tickets in the practical and economical game we
happen to play; they are not supposed to reflect
the whole universe at once, in the speculative (and
quite exorbitant) sense of metaphysics. Shafer
and Vovk continue: “Our framework differs most
strikingly from the measure-theoretic framework
in its ability to model open processes — processes
that are open to influences we cannot model even
probabilistically”2! In the light of this important
statement, we can see why the pricing process,
which Bergomi has no choice but to devolve to a

pricing function - because he has no choice, in
the end, but to use mathematics in his technology
book and his engineering task - is in fact an open
process too. Probability can only be an interpre-
tation, or a temporary diagram we need in order
to represent the pricing and accomplish computa-
tions that must satisfy some consistency require-
ments (typically non-arbitrage constraints) if the
technology is to be reliable and marketable. To
that purpose, probability freezes the pricing pro-
cess in a temporary structure, or in a probabilistic
model, whose logic can only flow backwards,
because it has no choice but to freeze the future;
however, the real pricing process is supposed

to remain open and to flow forwards. In this
respect, it exceeds probability and certainly
embeds influences that cannot be modeled
probabilistically, as Shafer and Vovk point out,

if only the human intervention which changes
the probabilistic model when needed
(recalibration).

The core philosophy of market
models

Bergomi doesn't say it, or may even have never
thought of it — probably he has no patience for phi-
losophy or semantics - but it falls upon us, inter-
preters of his book, to understand his pricing func-
tion for what it is really: as something that exceeds
the traditional concept of a mathematical function
which takes arguments as inputs and produces val-
ues as outputs. We wish literally to understand it
as a pricing function, as opposed to a valuing func-
tion. As a pricing function, it is the result of what
Bergomi calls a trading decision; it is definitely
rooted in a pragmatical doctrine, and not a func-
tion we would contemplatively decipher in the
‘physical’ laws of the market, and would aim ulti-
mately to make transparent. Bergomi writes: “We
decide to make our exotic option’s price a function
of other derivatives’ prices” (p. 16, emphasis in

the original). Because it is a decision, it remains
open to adaptation. As a pricing function, it will,
on the other hand, only be judged and evaluated
and kept, based on its practical result, which is the
ex-post accounting equation and the control of
P&L. As such, the stochastic structure which lends
it this temporary specific form, what Bergomi calls
the “covariance structure of the model,” has, as he
says, “no special significance” (p. 225). This echoes
perfectly what Shafer and Vovk write: “The fore-
casting success of a probability distribution for a
sequence of events should be evaluated using only
the actual outcomes and the sequence of forecasts
(conditional probabilities) to which these out-
comes give rise, without reference to other aspects
of the probability distribution. [...] The additional
information contained in a probability measure
that has these probability forecasts as conditional
probabilities should not enter into the evalua-
tion, even if the probability measure was actually
constructed and the probability forecasts were
derived from it22 By evaluation, Shafer and Vovk
mean the scoring of the probability distribution or
probabilistic model that was used to produce the
the forecasts, or judging its success and deciding
whether to keep it or not for all practical purposes.
And when they add that the additional informa-
tion contained in the full probability measure
should not be used, this is similar to Bergomi’s rec-
ommendation to disregard the specific covariance
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structure of the model as insignificant and never to
use it in the practical evaluation of the model, or in
the only practical test of its success, which is hedg-
ing. He thus repeatedly warns us against hedging
the price of the exotic option, or the output of the
pricing function, with the specific parameters of
the model (p. 225).23

In a brief and incisive commentary, Shafer and
Vovk reveal the philosophical view underpinning
this shift from probability structure to games, from
ex-ante expectations to ex-post accounting and
actual outcomes. At work, indeed, is nothingless
than a full revaluation of the meaning and nature
of chance. “What is a stochastic mechanism?”
they write, “What does it mean to suppose that a
phenomenon, say the weather at a particular time
and place, is generated by chance according to a
particular probability measure? Scientists and stat-
isticians who use probability theory often answer
this question with a self-consciously outlandish
metaphor: A demigod tosses a coin or draws from
adeck of cards to decide what the weather will be,
and our job is to discover the bias of the coin or
the proportions of different types of cards in the
deck”2¢It surely won't escape anybody that what
Shafer and Vovk call the “outlandish metaphor of a
demi-god tossing a coin or drawing a card” is what
underlies the whole notion of the sample space Q
and of its sample elements w, and what they call
“our job” as opposed to the demigod’s is that of
defining the algebra of events and the probability
measure (i.e., the point of view). In denouncing
this ‘outlandish metaphor, Shafer and Vovk thus
put in question nothing less than the whole foun-
dation of abstract probability theory, based on
measure theory. By contrast with this metaphor,
which, according to Shafer and Vovk, “drives stat-
isticians to hypothesize full probability measures
for the phenomena they study and to make these
measures yet more extensive and complicated
whenever their details are contradicted by empiri-
cal data,” the metaphor of the game allows them to
“get started without a complete probability mea-
sure, such as might be defined by a biased coin or a
deck of cards.” In this way, they “can accommodate
the idea that the phenomenon they are modeling
might have only limited regularities, which per-
mit the pricing of only some of its uncertainties”
This, according to Shafer and Vovk, “encourages
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a minimalist philosophy” in which “the prices for
each step of the process define a full probability
distribution for what happens on that step,” yet
without this having necessarily to imply that a full
probability distribution has been defined for the
process.2> Transposing this to Bergomi and to the
market models, we may say that the temporary
covariance structure enables the market-maker
at each step to quote options prices that are arbi-
trage-free, but that there is no guarantee that this
structure will persist over time and will continue
to underlie the famous pricing function, or in
other words to coincide with the market. This is
recognizing that the recalibration of the pricing
model (suddenly changing the model parameters,
or shifting, say, from a two-factor Bergomi model
to a three-factor model) should not itself be mod-
eled probabilistically.26 It is only excessive faith

in probability and excessive reliance on measure
theory that would make us want to internalize
those changes and make the measures each time

“more extensive and complicated” As Shafer and
Vovk say: “We may react to empirical refutation
by withdrawing some of these prices rather than
adding more’?7

Thus, we can see how far Bergomi’s inaugural
and emblematic statement, to the effect that an
underlying stochastic process may not exist, is tak-
ing him and taking us along with him. To repeat,
postulating this inexistence and investigating what
it means exactly is the key to unlocking the mean-
ing and philosophy of the market models. This
statement of inexistence distinguishes Bergomi
from all the quants of his generation. I will go even
as far as claiming that it is what motivates writing
his book, as opposed to just writing the model

that happened to be associated with his name. For
instance, Henry-Labordére introduces the expres-
sion ‘market-models’ in his own opus of deriva-
tive pricing; however, it is soon very clear that an
underlying process is given first and that we will,
for the rest of the book, inhabit the traditional
space of valuation under the risk-neutral mea-
sure and no market.28 As for readers of Bergomi,
such as Guyon and Gatheral, they locate his main
innovation in having succeeded to model the for-
ward variance curve, instead of the instantaneous
volatility; however, they also interpret it against
the background of an existing underlying stochas-
tic process, which reduces it, as we said above,
merely to a remapping. It is true that all thata
quant will care about, at the end of the day, are the
quantitative capacities of the model, and since the
present quantitative challenge in stochastic vol-
atility modeling is to jointly explain the volatility
smiles of SPX options and VIX options, all that the
quantitative community seems to be concerned

about is to improve on Bergomi, concerning this
specific problem, and to propose the next quanti-
tative model: rough Bergomi (Gatheral), in which
the exponential kernels are replaced with inverse
power kernels; discrete-time models (Guyon), in
which the tension that prevents continuous-time
models from fitting jointly the short-term SPX
volatility skew and the VIX futures and options

is released. Nobody really seems to pay much
attention to what constitutes the cement, and I
dare even say, the matter of Bergomi’s book, which
are his tireless comments about the particular
structure having no significance, or about the need
always to look for break-even conditions instead
of non-arbitrage conditions, or comments about
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every single stochastic process he may have writ-
ten in his book, starting with the underlying asset
and ending with the full forward variance curve
(p. 219), being a probabilistic interpretation and
not reality - I mean, not even reality as seen by the
model. Surely, all these ‘philosophical’ warnings
change nothing to the quantitative result, which
is the numerical output of the Bergomi model, so
why does Bergomi bother with them and litter his
book with them? In order to answer this question,
let’s engage a little deeper in the philosophical

and semantic analysis of Bergomi. Let us consid-
er, once again, the crucial distinction he makes
between the BSM model and the BSM equation.
He claims to derive the second while not using the
first. Since the quantitative result that any down-
to-earth quant cares about is the BSM equation
anyway, what could the difference be? Why make
the distinction?

Semantics and modalitiesin
Bergomi

It all starts with the hedged position, or the port-
folio constituted by the option and its underlying
dynamic hedge. Bergomi doesn’t wish to control
the P&L a priori. He doesn’t force it to be equal
to zero necessarily, which is an a priori condi-
tion (valid in all possible cases). He plays out

the modalities differently. All he requires is that
it should not be a priori impossible that the Pé~L
should be found to be equal to zero a posteriori.
Instead of saying: “It is necessary that the P&L
should be equal to zero,” the crucial weakening
amounts to saying: “It is necessarily possible that
the P&L could be equal to zero” There must exist
atleast one case in which break-even takes place.
This is how Bergomi is able to derive the BSM
equation without the BSM model, and the sugges-
tion, at the end of the derivation, is to use the BSM
formula with the estimate of future realized vola-
tility 6 (what we think ex-ante that ex-post vola-
tility will be). But how is this different from what
we've always been doing with BSM? When BSM
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assume a stochastic process of constant volatility
o (i.e., the BSM model) and derive their equation,
the practical suggestion at the end of the exercise
is also to use an estimate § of future realized vol-
atility in the formula. So, what’s the difference?
You may think it is only metaphysical, since the
end-user of the formula will not see any differ-
ence. I believe the difference is huge, because it
points to the semantics of the problem, to what
the science or the technology - for Bergomi is
definitely developing a technology - or the prac-

tice is ultimately saying. It points to what is really
meant by pricing formula and pricing equation,
or simply by pricing. Most importantly, analyzing
the difference amounts to sorting out what exists,
or what is known to exist and under what shape
or form, or what can be written. There is, for
instance, a famous paper by Ahmad and Wilmott
where pricing and hedging is accomplished by
the BSM formula with the only volatility that
is known and observed instantly by the trader,
implied volatility, and the analysis of what is
being achieved, rising above the knowledge of the
trader, is accomplished by decomposing the P&L
under the ‘real’ stochastic process of the under-
lying price and the ‘real’ instantaneous volatility,
supposed to be known to whoever’s mind is writ-
ing the paper.2% True, the paper is to some extent
grown-up with respect to BSM, as it considers that
real volatility will be different from what the user
of BSM assumes; however, it is not as grown-up as
Bergomi wishes it to be, because it is assuming the
objective existence of a process, which may not be
known to anybody except the writer of the paper.
Bergomi relaxes even this.

There is total symmetry in Bergomi. He
does not assume that somebody is using BSM
with a wrong volatility number on one side (the
trader) and that somebody else (the writer of
the paper) is objectively computing the trader’s
P&L with the true knowledge of the volatility
number. For this would amount to just another
theoretical paper in finance, where a certain

process with a known volatility (to the writer’s
mind) is given and where, instead of computing
the arbitrage-free value of the option (in the
writer’s mind), we complicate the problem a
little bit and compute the P&L of the trader who
is using the wrong formula. The objective plane
(the writer’s mind) is given all the same; we could
have used it to compute the arbitrage-free value
of the option as in BSM, instead of computing
the P&L of a trader who thinks he is computing
the arbitrage-free value of the option and hence
incurring no P&L, or who knows such a value

is beyond his knowledge and he is only using a
proxy (implied volatility). And if we have this
knowledge on our objective plane, why didn’t we
lend it to the trader in the first place? Bergomi,
by contrast, does not assume the existence of the
objective plane (the point of view of theoretical
finance). He is with the trader, alone, all the time.
It is forbidden to write an objective process.
Nothing is computed a priori. The only a priori
prescription is that the P&L should decompose
into two terms such that it may not be impossible
that the P&L should be zero a posteriori.

We may call this weakening, or this inversion
of the arrows, a new theory of derivative valuation,
which is no longer founded on the principle of
non-arbitrage, because no underlying process is
assumed a priori, either to be written by the trader
(whose mind would coincide, then, with BSM) or
by someone watching the trader from the objective
plane. This new theory of valuation without the
principle of non-arbitrage is just a pricing, now
understood in the sense that prices are provided by
the market, or by a bank who consistently showed
them to the market and consistently controlled
(ex-post) the P&L of its positions, hence was not
driven outside the market (or the game) — and
hence became a market-maker and the prices
itis showing became the market. As a matter of
fact, Bergomi calls ‘prices’ the result of the pricing
formula when the P&L of the hedged position is
decomposed appropriately and displays appro-
priately the possibility of a break-even volatility
number, or covariance matrix. He does so when he
explicitly wonders whether the result produced by
formulas that do not so appropriately behave, what
he calls unusable models, is a price (p. 455). Usually,
in financial theory, price means a martingale (i.e.,
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precisely something gotten by a non-arbitrage
argument). By contrast, there is a philosophical
shift in Bergomi, because we are now deemed able
to price something (the new meaning of valuation),
not when we produce an arbitrage-free value for

it, but when the pricing formula we used (which
may have been originally handed over to us by a
mysterious quant) and posted to the market, and
was posted back to us by the market (i.e., we weren’t
driven outside the market by using it), allowed us
to control the P&L a posteriori.

We are no longer alone. There is always the
market, acting as our mirror. We produce the
pricing formulas, and as a matter of fact, we try
to derive them or see what form they may have,
but ultimately they are produced by the market,
they are there, given, and we may only act ex-post
relative to them, and only weaken down our
assumption to controlling the P&L through the
peculiar rearrangement of the modalities above.
This is what it takes to reverse the arrows and to
relax the assumption of the underlying process.
This is what it means that the underlying process
no longer exists. Its nonexistence means exactly the
existence of the derivatives market. We no longer
impose non-arbitrage on the market, or the arrow
going our way - for who are we to impose anything
on the market? Instead, we hold that non-arbitrage
must apply because there exists the market: the
arrow goes in the other way and the market has
already solved the problem for us. We don’t ques-
tion how the market started. We immediately start
in the middle of the reflective loop: posting the
pricing formula, being given the pricing formula
in return. Our only link with what might look as
an underlying assumption is that, statistically (i.e.,
ex-post), the returns of the prices of the under-
lying hedging instruments average out to their
variances and there is at least the possibility that
break-even statistically occurs.

Rough volatility

From this, we can realize the total blunder of those
whom Bergomi calls the “expectation calculators”
(p. xv) or those who criticize the simplistic assump-
tions of BSM as regards the underlying process.30
Anyone aiming to model accurately the underlying
process is of course welcome to do so, however it

is time we understood this has nothing to do with
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the derivatives market. In the derivatives market,
as said, there doesn’t exist an underlying process,
where its nonexistence is of course not meant in
the physical sense but in the sense of the absence
of appropriate register. We simply are not in this
register. There is nothing wrong with God’s rough
volatility model being supported by a time series

analysis of real volatility or by an argument probing
the market microstructure and the order books.
There may even be nothing more sublime than this
fine analysis of the underlying. But where this real-
ly becomes indefensible and highly debatable is the
moment when the authors seek decisive evidence,
to support their model, from the options market
which, they tell us, can be fitted exactly by a rough
volatility underlying process. Now, where did this
fancy idea come from? Who ever said the valuation
theory of options in the options market, or for short,
option pricing, should be based on risk-neutral
expectation under the underlying process? To
repeat, it would be a great disappointment if all that
Bergomi had meant, in insisting so much on mod-
eling the implied volatilities directly, on the inver-
sion of the arrows and on the disconnect between
the pricing function and the particular covariance
structure that we temporarily lend to it - in short,
all the import of the market models — was just that
option pricing should be conducted under the
‘equivalent martingale measure of the market, as
the saying goes, or in other words, by following the
non-arbitrage principle. For that requires a real
underlying stochastic process to be given in the
real measure, to which the pricing measure must
be equivalent, and requires no market. To call it
the ‘martingale measure of the market, or to think
that the ‘market’ selects its pricing measure, is only
metaphorical and remains of course very far from
the idea of a real market. This, once again, would be
valuation and not pricing.

The market is a trading arena and a place of
constant recalibration of the pricing models, not

of their selection. Compare two philosophies: (a)
one in which we are never told how the ‘market’
finds its martingale measure: Is it equilibrium

in the long run? Informational efficiency? A
long process of trial and error by options traders
who deeply learn the rough volatility model - so
deeply they don’t even realize it — until someone

(Gatheral?) finally reveals to them they’ve always
been using this model without knowing?3! and
(b) one in which the aim is to put in our hands the
very tools and technology with which to make
the market ourselves. We are not told anything
either, in the second philosophy, only this time it
is because telling and knowledge (as in: “T know
the underlying process is BSM”) are completely
irrelevant. Bergomi doesn’t criticize BSM for the
simplicity of its assumptions, but for its usage as
amodel; for then, as he very rightly says, if the
underlying process is shown by time series analy-
sis no longer to be Brownian motion, what should
we do and what should we use instead? The rough
volatility proponents commit a bigger sin than
just beginning with BSM as a model, and subse-
quently wondering what to do in case it no longer
held, because they provide the terminus. Not only
do they acquiesce in the blunder of questioning
the BSM model and what to do when it fails, but
they furnish the answer. The final answer is rough
volatility: let us look no further. There is already a
clever twist in rough volatility: volatility is not just
stochastic, it is rough. Rough volatility is already
trying to outsmart us and deliver to us the last
word. Nothing wrong with that, mind you. But
where this becomes a bit foolish, is to top up the
cleverness with the argument from the options
market. The authors lock themselves complete-

ly in the final stop: where to go from there?
According to them, the problem is over. Not only
is the underlying process truly rough volatili-

ty, following the time series analysis and God’s
own design, but even better, the options market
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confirms it. One is tempted to reverse Bergomi’s
worry for them: What if the options market no
longer concurred?

It just felt too tempting to replace the expo-
nential kernels in Bergomi’s model with the
inverse power function. Granted, this fixed the
behavior of the short-term at-the-money skew,
but the price to pay was rough volatility and the
path-dependent nature of the model. Thank God,
the analysis of market microstructure and of
times series of ‘instantaneous’ volatility seemed
to confirm the rough volatility process, but the
problem we now faced was how to deal with the
loss of the Markovian property, which is key in
all practical applications and feasible pricing
algorithms. Here again, Bergomi seemed exactly
to offer the mold: the forward variance curve
which he models directly. For it turned out that
the rough volatility model becomes Markovian
when the full forward variance curve is used as
a state variable. Turning the path variable into a
state variable is indeed a well-known technique to
make a path-dependent pricing problem amena-
ble to resolution by a PDE, even if its dimension
is infinite as a result (further reductions will
deal with that). As a matter of fact, modeling the
forward variance curve directly had also led to
path-dependency in Bergomi, and his choice
of the exponential kernels was his way of deal-
ing with it. But where I say there is misusage of
Bergomi by the rough volatility model is that the
forward variance curve, or the infinite number
of forward variance contracts ¥ composing it,
were supposed to remain independent assets in
Bergomi, and we were always supposed to use
all of them for hedging. This is Bergomi’s con-
tinuous insistence on the particular covariance
structure (in his case, the N-factor Bergomi
model) being only a numerical and computa-
tional expedient, which should never dictate or
simplify the hedging, for that would contradict
the philosophy of the market models. The rough
volatility proponents recommend just the oppo-
site. In total opposition to Bergomi, they insist
their model is a two-factor model composed of
the asset price and its instantaneous volatility,
hence one volatility instrument (an at-the-money
option, a single variance contract) is sufficient
for perfect dynamic hedging in conjunction with
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the underlying asset. The path variable which
helps them turn the process Markovian, or the
full forward variance curve, was never meant as
an independently trading instrument, therefore
destined to hedging, any more than the average of
the closing underlying prices, which we use as a
path variable in the PDE pricing of Asian options,
is meant to be trading independently of the stock.
The rough volatility model would be okay and
would, as a matter of fact, fit perfectly well within
the category of market models and the compass of
Bergomi’s book, if it were interpreted as a tempo-
rary covariance structure, akin to Bergomi’s model,
that we are temporarily lending to a forward vari-
ance market model in which the implied volatili-
ties of the forward variance contracts are modeled

directly, and the latter are meant as the irreducible
set of hedging instruments. Only, we should no
longer call it ‘God’s model’ in this case, and cer-
tainly not be so triumphant about it. This is not
only a semantic debate, or my attempt at spoiling
God’s banquet. Hedging is important. Ultimately,
itis what pricing is all about. I certainly can under-
stand that two quants may disagree on the par-
ticular model, and split hairs about which model
better calibrates SPX smiles joint] y with VIX. But I
cannot allow that an issue as important as hedging
remain unsettled: Do T hedge with a single contract
or with the full curve? This question has nothing to
do with the quality of the hedge, or how to improve
it. For it is the question of whether to rely on a mar-
ket model, where only options markets exist and
there exists no underlying stochastic process, or on
an expectation calculation, where we might hap-
pen to know what probability, volatility, and even
rough volatility mean, but we don't know what a
volatility market means.

To be continued.
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